Introduction and Preliminaries
We begin with some basic known definitions and results which will be used in the sequel. Throughout this article, N, R + , R denote the set of natural numbers, the set of positive real numbers and the set of real numbers, respectively. Let be the collection of all mappings F : R + → R that satisfy the following conditions: (F 1 ) F is strictly increasing, that is, for all α, β ∈ R + such that α < β implies that F (α) < F (β). Theorem 1.3. [7] Let (X, d) be a complete metric space, and k a positive integer. If f : X k → X satisfies the following contractive condition:
for any x 1 , . . . , x k+1 ∈ X, where 0 < q < 1. Then there exists x * ∈ X such that f (x * , . . . , x * ) = x * . Moreover, for any arbitrary points x 1 , . . . , x k ∈ X, the sequence (1.1) is convergent and lim 
If in addition, d(T (u, . . . , u), T (v, . . . , v)) < d(u, v)
holds for all u, v ∈ X, with u ̸ = v, then x * is the unique point in X with f (x * , . . . , x * ) = x * .
The applicability of the above result to the study of global asymptotic stability of the equilibrium for the nonlinear difference equation (1) is well known ( [5] ).
Pǎcurar [15] derived a convergence result for Prešić-Kannan operators as follows: Theorem 1.4. [15] Let (X, d) be a complete metric space, k a positive integer and f : X k → X a given mapping. Suppose that there exists a constant a ∈ R with 0 < ak(k+1) < 1 such that
holds for all (x 1 , . . . , x k+1 ) ∈ X k+1 . Then, (i) f has a unique fixed point x * ∈ X; (ii) for any arbitrary points x 1 , . . . , x k ∈ X, the sequence {x n } defined by (1) converges to x * .
For more results in this direction, we refer to [2, 3, 5, 7, 9, 10, 11, 14, 15, 17, 18, 19, 20, 21] .
Motivated by the work of Wardowski [23] , we give the following definition:
) be a metric space and F ∈ . A mapping f : X k → X is said to be a Prešić type F −contraction if there exists τ > 0 such that
Note that, for F (α) = ln α, Prešić type F −contraction condition becomes
. . , x k+1 ), the inequality (3) also holds, that is, f is aĆirić-Prešić contraction (see [7] ). Remark 1.1. It follows from (F 1 ) and (2) that every Prešić type F −contraction mapping f is a Prešić contractive mapping, that is,
Thus every Prešić type F −contraction mapping f is a continuous mapping. The aim of this paper is to study the convergence of the sequence {x n } defined by (1), where f : X k → X is a Prešić type F − contraction mapping. We also give examples to support the results presented herein. Applications to matrix difference equations are also presented.
Main results
In this section, we obtain some fixed point results for Prešić type F −contraction mappings. We start with the following result. (1) converges to u in X and u is a fixed point of f . In addition,
Proof. First, let us observe that f has at most one fixed point.
Hence by given assumption, we have
a contradiction as τ > 0. Therefore u = v. Now we show that f has a fixed point. Let x 1 , · · · , x k be arbitrary k elements in X. Define the sequence {x n } in X by
If for some n 0 ∈ {1, 2, 3, ..., k}, we have x n 0 = x n 0 +1 , then we have
that is, x n 0 +k is a fixed point of f and the proof is finished.
We assume that
Now for n ≤ k, we have the following inequalities:
and so on. Hence
for n ≥ 1. On taking limit as n → ∞, we obtain that lim n→∞ F (γ k+n ) = −∞ and therefore
By (4), we have
k+n nτ ≤ 0. On taking limit as n → ∞, we obtain (4) lim
Thus from (4), there exists n 0 ∈ N such that nγ h k+n ≤ 1 for all n ≥ n 0 . Consequently we have
This shows that {x n } is a Cauchy sequence in (X, d).
Now by the continuity of f, we have
Note that for n > 3, we have
does not hold for q ∈ (0, 1). Hence the condition of Theorem 2 in [7] is not satisfied. On the other hand by taking
We consider the following cases: 
Note that, for τ = ln (2k) > 0 and
Moreover, for all x, y ∈ X with x ̸ = y, we have
Thus, all the required hypotheses of Theorem 2.1 are satisfied. Moreover, for any arbitrary points x 1 , ..., x k ∈ X, the sequence {x n } defined by (1) converges to u = 0, the unique fixed point of f .
The following result is an immediate consequence of Theorem 2.1 by taking F (α) = ln α. 
. . , x k+1 ). Then, for any arbitrary points x 1 , ..., x k ∈ X, the sequence {x n } defined by (1) converges to u, where u is the unique fixed point of f . 
Proof. Clearly, condition (6) implies condition (5) with
λ = λ 1 + λ 2 + . . . + λ k . Now, let x, y ∈ X with x ̸ = y. From (6), we have d(f (x, x, . . . , x), f (y, y, . . . , y)) ≤ d(f (x, . . . , x), f (x, . . . , x, y)) + d(f (x, . . . , x, y), f (x, . . . , x, y, y)) + . . . + d(f (x, y, . . . , y), f (y, y, . . . , y)) ≤ (λ k + λ k−1 + . . . + λ 1 )d(x, y) = λd(x, y),where λ = λ k + λ k−1 + . . . + λ 1 ∈ (0, 1d(f (x 1 , . . . , x k ), f (x 2 , . . . , x k+1 )) ≤ 1 (1 + τ √ max{d(x i , x i+1 ) : 1 ≤ i ≤ k}) 2 max{d(x i , x i+1 ) : 1 ≤ i ≤ k}, for all (x 1 , . . . , x k+1 ) ∈ X k+1 with f (x 1 , . . . , x k ) ̸ = f (x 2 ,
Global Attractivity Results for a Class of Matrix Difference Equations
In this section, we investigate the global attractivity of the recursive sequence {X n } ⊂ P (N ) defined by
where P (N ) is the set of N ×N Hermitian positive definite matrices, k is a positive integer, Q is an N × N Hermitian positive semidefinite matrix, A is an N × N nonsingular matrix, A * is the conjugate transpose of A and φ : P (N ) → P (N ).
At first, we recall some definitions and preliminary results.
Definition 3.1. Let k be a positive integer, M a nonempty set and f
The equilibrium point x of the equation (3.2) is the point that satisfies the condition: 
Definition 3.2. Let (M, d) be a metric space and x an equilibrium point of Equation (8). The equilibrium point x is called a global attractor if for all
for any nonsingular matrix U . The other useful result is the nonpositive curvature property of the Thompson metric
According to (9) and (10), we have
Lemma 3.1. Lemma 3.3. For any A, B, C, D
Furthermore, for all positive semidefinite A and B, C ∈ P (N ),
d(A + B, A + C) ≤ d(B, C).
Let φ : P (N ) → P (N ) be an F -contraction mapping with respect to the Thompson metric d. Let Q be an N × N Hermitian positive semidefinite matrix (Q ≥ 0) and A an N ×N nonsingular matrix (A −1 exists). For a positive integer k, for given X 1 , X 2 , . . . , X k ∈ P (N ), consider the sequence {X n } ⊂ P (N ) defined by (7) . Our main result in this section is the following. Theorem 3.1. Equation (7) has a unique equilibrium point X ∈ P (N ). Moreover, X is global attractor.
Proof. Define the mapping f :
Let U 1 , U 2 , . . . , U k+1 ∈ P (N ). By using Lemma 3.3, we have
Then, using again Lemma 3.3, we have
Since A is nonsingular, the matrix V is also nonsingular. Using property (9) , for all i = 1, 2, . . . , k, we have
But φ is an F -contraction. Then, for all i = 1, 2, . . . , k, we have
Thus, we have
. . , U k+1 ∈ P (N ). Now, Applying Theorem 2.1, we obtain the existence of a global attractor equilibrium point X ∈ P (N ).
On the other hand, for U,
Again, applying Theorem 2.1, we obtain the uniqueness of the equilibrium point.
Now, we present some examples and numerical experiments. For a positive integer k, consider the sequence {X n } ⊂ P (N ) defined by
, where |δ| ∈ [0, 1).
Corollary 3.1. Corollary 3.5. Equation (12) has a unique equilibrium point X ∈ P (N ).
Moreover, X is global attractor.
Proof. By using Properties (9) and (11), we show easily that φ :
is |δ|-contraction. Then, the result follows immediately from Theorem ??.
Remark 3.6. The equilibrium point X ∈ P (N ) of Equation (12) is the unique positive definite solution to the nonlinear matrix equation
In the last few years there has been a constantly increasing interest in developing the theory and numerical approaches for positive definite solutions to the nonlinear matrix equation of the form (13) (see, for example, [4, 8, 12] ).
As an example, we consider for given X 1 , X 2 ∈ P (N ), the recursive sequence {X n } ⊂ P (N ) given by (14) X n+2 = Q + 1 2
, n = 1, 2, . . .
From Corollary 3.1, Equation (14) has a unique equilibrium point X ∈ P (N ), that is, the unique positive definite solution to
To check our global attractivity result, we give the following numerical experiments. after 90 iterations, we get the unique equilibrium point X given by (15) , and its residual error E(90) = 2.0196e − 013.
